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THEORETICAL ELASTIC DEFORMATIONS OF A
THICK HORIZONTAL CIRCULAR PLATE HAVING
INTERRUPTED PERIPHERAL ARC SUPPORTS

LYNN A. SELKE

Research Laboratories, Eastman Kodak Company, Rochester, New York 14650

Abstract—In this paper solutions are determined for the deflection under its own weight, moments and shears in a
thick, horizontally oriented, circular plate having interrupted peripheral arc supports. A theory developed by
Reissner for thick plates that includes shear deformations is used, and the results are compared with those of
classical plate theory. It is found that for plates having thickness-to-diameter ratios greater than approximately
one-tenth, shearing effects can contribute significantly to the total deflection and stresses, and hence should not be
neglected. Numerical results are presented and interpreted in detail.
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NOTATION

deflection

variable radius

outer radius of plate

thickness of plate

total weight of plate

Poisson’s ratio

Young’s modulus

flexural rigidity = Eh3/12(1—v?)
stresses acting on element of plate
bending couples

twisting couple

transverse shear stress resultants
normal load acting on plate
angle

a constant = — W/aR?

2
coefficients appearing in expressions for deflection, moments and shears
shear stress acting on support arc
one-half support arc (rad.)

a constant (l_v D
constant = —_—
C,

E
shear modulus = ——
2(1+v)
number of support arcs
92 + 10
ot ror

constants depending on the properties of the material and the nature of the stress distribution
across the thickness of the plate

INTRODUCTION

ScIENTISTS and engineers have long been concerned about the deflection of plates under
various support configurations. Couder [1] gives the solution for the deflection of a flat,

241



242 LYNN A. SELKE

back-supported cylindrical plate. The effects of various supporting configurations on the
deflections of a vertically oriented mirror are studied by Schwesinger [2]. Bassali [3]
determines expressions for the deflection of a thin circular plate, supported at several
interior or boundary points. Kirstein and Woolley [4, 5] reduce Bassali’s solution to the case
of symmetrical bending. A circular mirror having a linearly varying thickness, supported
along a central hole, and free along the outer edge is analyzed by Prevenslik [6]. Shear
deflections have not been considered in any of these papers.

Malvick and Pearson [7] determine the elastic deflection, including shear effects, of a
solid quartz mirror with a large central hole, flat back and a spherically dished front surface.
They solve the three-dimensional elasticity equations by a dynamic relaxation technique
programmed for a large-scale digital computer.

Reissner [8, 9] derives a system of equations for the bending of elastic plates, which takes
into account the transverse shear deformability of the plate.

In this paper, Reissner’s theory is applied to the problem of a horizontally oriented,
thick circular plate having interrupted peripheral arc supports. Solutions are obtained for
the deflection under its own weight, the moments and shears in the plate; results are
compared with those obtained from classical bending theory. The effects of shear contribu-
tions to the total deformation and stresses are illustrated. Numerical results are presented
and discussed in detail.

ANALYSIS

Consider a horizontally oriented, circular plate supported by n support arcs about its
periphery. Figure 1 shows the angular location of the center of the support arcs for the
general case of n supports. The center of one support arc is located at r = R, § = 0°.

F1G. 1. Angular location of support arcs for the general case of # supports.

Expressions for the deflection under its own weight, moments and shears in the disk are
desired. Figure 2 shows the stresses acting on an infinitesimal element of plate material.
Let M, be the bending couple, M,, the twisting couple and ¥, and ¥, the transverse
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FIG. 2, Stresses acting on element of disk.

shear-stress resultants ; these are expressed in terms of the stresses as follows:

hy2 hi2
M, = f z6,, 4z, M, = f 26,5dz,

hiZ ~hi2
k2 hi2 (1)
V J 2y I/ﬂ = J Og, dZ.
h/~ ~h/2
Reissner [9] gives the generalized stress—strain relations of the problem as:
190 1 0V,
[ 74 P
ra Wt e = b (22)
20V, V oH
%3 8 v 2 A S 4 el
ek (V v r* 06 rz) ar’ (20)
2 v, v, 18H
_12lg2 ey _ ¥
k (V = r2) rae (2)
where
VZ
H=D w+D(1+v)(2C c) (2d)
The equations for the bending and twisting moments, also from Reissner [9], are:
Pw vow v 0w 0V, 14y v
M, = —D[Er—z“‘- +T 602:] 2k i ( C, —ES-)P, (2e)

M, = —D(—v" (ww)%z[%?g ;(‘f)] (26)
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Following the procedure outlined by Reissner [8], it can be shown that the solutions for

w, ¥, and V,, continuous and finite at the origin of coordinates, which yield finite moments
and slopes at the origin, are:

— v m__ Am +2 1’2 ?"E‘W P 1 _1 o
DW—MZ:-:O[G'"I‘ 4{m~+~l)rm ]C08m9+4 16 ‘k +D(1+v) Tol E‘; Py, (3a)

v = ZJ}MJW4+?EJJS]anm$J%i (3b)
i m—1 m i .
Vo=— 2, {mAmr +E, {; Lo/ + 7 T ma]} sin mf. (3¢}
m=1
In equations (3a}-{3c), it is assumed that
- W
P(r,0) = Py = —- {3d)

Also, 1,(r/k) and 1, ,(r/k) are modified Bessel functions of the first kind of argument
(r/k) and order m and m+ 1, respectively.
The expressions for the bending and twisting moments become:

m*(1 — v} +m3+v)+2v+ I}r'“
Hm+1)

M,= Y cos m&{Am[zfczm{m—i}f”“z -+
m=0

) _, 2k? r
— {1 ~vm{m—1)G, " 2 -§-—r—3——mﬁm[(m- }}im{rfk}+}{~fm+ 1{?;’3{}}}

D{(1—v*) 3+vr? .
+%[zq T (3e)

M, = ix sin mb {Am[(mv—_;ﬂf"-«m(mm 1)k2W“2] +(1—v)m(mu1)r’”“2(§m

¥

+Em{-—fm(r/k>— 2 i~ nzm@/k}ﬁﬁfm x("fk)}} : (30

The expressions given by equations {3a}-{3{) must now be solved subject to the boundary
conditions on the variables ¥, M, and M.
To this end, the stress components in the regions of support are defined as follows:

G, = 0, {4a)
0,5 = 0, {4b)
6, = S. (4c)
Summation of forces in the z direction yields:
2nIRhS — W = 0, {5a)
8 w {5b)

= 2Rk
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The quantities M,, M, and V, may next be expressed on the boundary as follows:

MR, 8) =0, (6a)
Mra(R7 6) kS 07 (6b)
VR, 0) = Sh %!+ Z o, cos mi|, (6¢)
m=1
where
2 . - 2mn
U = —sin ml S; cos(s — 1)—n—m >1. (6d)

Because of the existence of arc supports at n equally spaced arcs, non-zero values of
a,, are obtained for only those values of m that are integral multiples of n.

Comparison is next made between equations (3e), (3f), and (3b) with (6a)-{6c), respect-
ively; for m = 0, this yields:

_ 2 {3+wR* D(1—vY)
°= (1+v){ 16 ac, (o (72)
_PoﬂR
= onlh =0 (75)
The general expressions for the coefficients for m > 2 become:
A, = SZ (2k(1—v)(m? — YmR™ =3I | —m{m—1)(1 —v)R™= D[} (8a)
So,.h (RCZ™=2
E, = A {5 m(m—l)(l—vz)} , (8b)
G, = _.S“m"{[(”(’”“z)—(m”) R’"+(1—m)(3+v)mk2R"’"2’]I,,,
A, 4 4
+ E(m(m+ D —=v)+ 21+ v)R™ D 4 dm(m? — I)k“"R"'“”]IM 1} , (8¢)
where
A, = (1 —vm*m— I)R‘z’"“3’{(v+3)l —ﬁ( + DI, 1} (8d)

In equations (8a)-(8d), I,, and I, are modified Bessel functions of the first kind of
argument (R/k) and order m and m+ 1, respectively.

Because of the symmetrical arrangement of the support arcs, the general coefficients
A, E, and G, have non-zero values for only those values of m that are integral multiples
of n. It is unnecessary to determine 4,, E, and G, since results for the case in whichn = 1
for which the plate is simply supported about its entire periphery may be obtained by
choosing an integral value of n > 1, and I such that the product nl = =.
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Reissner [9] shows that for solid plates of uniform thickness, C, and C, may be expressed
as follows:

Cn o T, (93)

C, = -Z—Gh. (9b)

If nl = = in the above expressions for deflections, the case is obtained in which the plate
is simply supported about its entire periphery. The expression for deflection thus becomes:

_ W -RH[(5+v) L1 WEr=R3H[2 W
Y= T64nR?D [(Hv)Rz""}' 8D I:' }

i (10a)

The first term appearing in equation (10a) represents the contribution to the total
deflection due to bending, and the second term represents the shear effects. The bending
expression is identical with that given by Timoshenko [10] for the case of a thin plate simply
supported about its entire periphery.

The exact expression for the shear deflection of a circular plate simply supported about
its periphery is given by Love [11]; his result is as follows:

- W(rz—-Rz)[IZ 2<1+v/8+v2/8>} (10b)

Mo = s |50 (1=v9)
For v = 0-16, the difference in shear correction terms between equations (10a) and
(10b) is about 2 per cent; for v = 0-3, this difference is about 4 per cent.
For comparison, the problem considered in this paper was solved using the equations of
classical plate theory; the results for the deflection are as follows:

_ WR? T 4_~2(3+v) r 2
Y = 6axD| \R] T \R
& {mm=2v+ D=1 (7 |

£ 7 oy

nm(nm— 1) R (nm+1)
R*(r/RYy"™W )
{m‘)ﬁ} sin{nml) cos(nmb). (11)

If nl = n in equation (11), the results reduce exactly to those given by Timoshenko [10]
for the case of a thin plate simply supported about its entire periphery.

NUMERICAL RESULTS

The plate is assumed to be fabricated of fused quartz, and to have the following pro-
perties: Young’s modulus = 10-6 x 107 Ib/in.?; Poisson’s ratio = 0-165; density = 0-079
1b/in.> The outer radius is assumed to be 6 in.; results for thickness of 1 in. and 3 in. are
analyzed. In each case, three equally spaced support arcs are considered.
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F16. 3. Deflection vs. radius~—1 in. thick plate supported by three equally spaced 30° support arcs on the
periphery.

Figure 3 shows a plot of deflection versus radius for a 6~in.-radius disk supported on
30° arcs. Deflections are shown for radii oriented at 0 and 60°. For the thickness-to-
diameter ratio considered, s}, it can be seen that very little difference exists between results
obtained from the Reissner and classical theories.

Figure 4 shows deflection vs. angle on the outer periphery of the same disk. Results are
shown for both 30 and 60° support arc lengths. Once again, it can be seen that very little
difference exists between results obtained through use of the Reissner and classical theories.
As expected, deflections are reduced by use of longer arc supports.
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FiG. 4. Peripheral deflection vs. angle—1 in. thick plate for two support arc lengths.
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Figure 5 shows a plot of deflection vs. angle for a disk of 6 in. radius having a thickness of
3 in., and supported on 30° arcs. Deflections are shown for radii oriented at 0 and 60°.
For the thickness-to-diameter ratio considered, 4, it can be seen that a significant difference
exists between results obtained through use of the Reissner and classical theories.
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Deflection, in
)
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Reissner theory

Fi1G. 5. Deflection vs. radius—3 in. thick plate supported by three equally spaced 30° support arcs on the

periphery.

Figure 6 shows deflection vs. angle on the outer periphery of the same 3-in.-thick disk.
Results are shown for both 30 and 60° support arc lengths. Once again, it can be seen thata
large difference exists between results obtained from the Reissner and classical theories.

It is clear that for plates having thickness-to-diameter ratios of greater than approxi-
mately one-tenth, shearing deformations can contribute significantly to total deflection,
and hence should not be neglected.
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F1G. 6. Peripheral deflection vs. angle—3 in. thick plate for two support arc lengths.
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Figure 7 shows a plot of shear stress resultant, ¥,, vs. radius, and Fig. 8 a plot of bending
couple, M,, vs. radius, for a disk of 6 in. radius having a thickness of 3 in., and supported on
60° arcs. Results are shown for radii oriented at 0 and 60°. It is clear that for plates having
thickness-to-diameter ratios of greater than about one-tenth, shear effects contribute
significantly to stresses, and hence should not be neglected.
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FiG. 7. Transverse shear stress resultant vs. radius—3 in. thick plate supported by three equally spaced
60° support arcs on the periphery.
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FIG. 8. Bending couple vs. radius—3 in. thick plate supported by three equally spaced 60° support arcs
on the periphery.
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AGerpakT—B pabore galoTcs pellieHMA IS HM3ruGoB MOA BIAMAHHEM COOCTBEHHOTO BeCa, MOMEHTOB U
CHBHTOB B TOJCTHIX, TOPH3OHTAJIbLHO PACMOJIOKEHHBIX, KPYIJIBIX IUIMTAX, MMEIOLIMX N0 OKPYXKHOCTH
mepephiBHbIE, 3aKpbiBIeHHble onopul. Mcmonbiyercs Teopus npeanoxenHas PelficCHepoM IJisl TONCTBIX
IIMT, KOTOpadA 3akmovaer JehopManun casura. PesyasTaThl CPaBHMBAIOTCH C TAKHMH XK€ Pe3y/IbTaTaAMU
IUIA KJIACCHYECKOM TeopHd mwiacTuHok. Haxomutes, 4To ANA miMT, 00JafalonidX OTHOMEHHEM TOJILIHHBI
K JUAMETDY, ABJIAIOWKMCH GOoNbINM IpHOIU3NTENBHO ONHOM fecATOoN, 3bdeXTh CHBAra MOTYT 3HAYHTEN-
BHO BIIMATL HA NOJIHbIE O3rHOBI W HANIPAXKEHHSA, KOTOPBIMH Henb3s npeHebperars. J[arOTCA YUCIEHHBIE
pe3ybTaThl, KOTOPBIE 06CyKaarTcs noapobHo.



